A digraph is said to be super-connected if every minimum vertex cut is the out-neighbor set or in-neighbor set of a vertex. A digraph is said to be reducible, if there are two vertices with the same out-neighbor set or the same in-neighbor set. In this paper, we prove that a strongly connected arc-transitive oriented graph is either reducible or super-connected. Furthermore, if this digraph is also an Abelian Cayley digraph, then it is super-connected.
Introduction

By a digraph D = (V (D), A(D)
To design more reliable networks, besides the requirement of maximal vertex connectivity, it is also desirable that the number of minimum vertex cuts is as small as possible. For this purpose, Boesch [2] proposed the concept of superconnectedness, which is a special kind of conditional connectivity [9] . A digraph D is super-connected if for any minimum vertex cut C , there exists a vertex x such that C = N + (x) or N − (x), where N + (x) and N − (x) are the out-neighbor set and the in-neighbor set of x in D respectively. A minimum vertex cut of the form N + (x) or N − (x) is said to be trivial. When there are edge failures, the concept of super-arc-connected digraph is defined similarly. Boesch also proposed the concept of hyper-connectedness [2] . A digraph D is hyper-connected if the removal of any minimum vertex cut of D results in exactly two strongly connected components one of which is a singleton. Another concept which is very close to hyper-connected is Vosperian used in [7] . The difference between these two concepts is little. In fact, it can be proved that a digraph D is
Vosperian if and only if either D is hyper-connected or |V (D)| = κ(D) + 3 (see [12] for the proof when D is undirected;
when D is directed, the proof is similar). Clearly, a hyper-connected digraph is also super-connected. Furthermore, hyperconnectedness is more favorable than super-connectedness since the number of components in the remaining digraph measures the seriousness of the damage to the network.
This paper studies super-connectedness of arc-transitive digraphs. Transitive graphs and digraphs are favorable in network designs since they have many desirable properties such as high symmetry, easy routing, low transmission delay, and high reliability etc. [17] . In particular, high reliability is closely related with high connectivity. A digraph D is said to be It is known that connected (strongly connected) vertex-transitive graphs (digraphs) are maximally edge (arc) connected [5, 11] ; connected (strongly connected) edge-transitive (arc-transitive) graphs (digraphs) are maximally vertex connected [13, 14] . In [8] , Hamidoune and Tindell gave a nice characterization of super-edge-connected (super-arcconnected) vertex-transitive graphs (digraphs). In [12] , Meng showed that with the exception of two classes of well-defined graphs, all vertex-and edge-transitive graphs are super-connected (see Theorem 4.1 of this paper). In [7] , Hamidoune et al. obtained complete characterizations for Vosperian and super-connected Abelian Cayley digraphs [7] . For more results on connectivities of transitive graphs and digraphs, we cite [1, 4, 6, 10, 16, 18, 19] for references.
As far as we know, there are no results on super-connected arc-transitive digraphs, which is the motivation of this paper. To state our results, we need more concepts.
. Reducibility in undirected graphs was used to characterize non-super-connected vertex-and edge-transitive graphs in [12] . In this paper, we propose a new class of super-connected digraphs: a super-connected digraph D is bi-super-connected, if there are two 
, then the total number of minimum vertex cuts may be reduced.
In this paper, we prove that a strongly connected arc-transitive oriented graph is either reducible, or super-connected. Furthermore, if it is super-connected, then it is either hyper-connected or bi-super-connected. In the special case that the digraph is an Abelian Cayley digraph, we show that it is super-connected. For terminologies not defined here, we follow [3] for references.
Fragments and superatoms
In this section, we study the properties of superatoms in strongly connected arc-transitive digraphs. The concept of fragments and atoms were first proposed by Mader [11] and Watkins [15] . Their variations have been used as a powerful tool in studying various kinds of connectivities. We introduce the concepts of strict fragments and superatoms for a digraph in the following.
Let D be a strongly connected digraph with connectivity κ = κ(D) and 
is a negative (positive) fragment. If F is a strict positive (negative) fragment, then R
The strict fragment and superatom defined by Hamidoune in [6] is different from ours' in that he only defined in fact strict positive fragment, and the superatom appeared in his paper is then the strict positive fragment of least cardinality. But in his theorems, he always assumed that D ∼ = D − , the reverse digraph of D. Clearly, for this kind of digraphs, his superatom is the same as ours'. A generalization of strict fragment and superatom called η-fragment and η-atom can be found in [1] , which is used to study η-extraconnectivity of a digraph.
A
In what follows, we always assume that D is a strongly connected k-regular digraph with κ(D) = k. From the following lemma, arc-transitive digraphs always satisfy this assumption. Proof. The edge transitivity is obvious. To show the vertex transitivity, let x, y be two vertices in V (D). Since D is strongly connected, we have d
) and e 2 = (y, y 1 ) be two arcs of D. Then there exists an automorphism σ such that σ (e 1 ) = e 2 , whence σ (x) = y. Since a strongly connected arc-transitive digraph is maximally vertex connected [13, 14] , the conclusion about κ(D) holds.
The following two results were proved in [6] which play an important role in our deduction. Suppose D has only positive superatoms. We shall prove that for any integer n = 1, 2, . . . , there are n distinct superatoms The case that D has only negative superatoms can be proved similarly.
Lemma 2.2 ([6]). Let D be a k-regular vertex-transitive digraph with κ(D) = k. Let A be a positive (negative) superatom of D and let F be a strict positive (negative) fragment such that
A desirable property of any type of atoms is that, if non-trivial, they form imprimitive blocks for the automorphism group of a graph or a digraph. To be more precise, an imprimitive block of a digraph D is a proper non-trivial vertex subset A of V (D) such that for any σ ∈ Aut(D), either σ (A) = A or σ (A) ∩ A = ∅. An imprimitive block of a graph can be defined similarly.
The next result cited from [14] indicates why imprimitivity is so useful. 
(i) If D is vertex-transitive, then so is X ; (ii) if D is a strongly connected arc-transitive digraph or a connected edge-transitive graph and A is a proper subset of V , then
A is an independent subset of D.
Next, we study the structures of superatoms in strongly connected arc-transitive digraphs.
Lemma 2.6. Let D be a strongly connected arc-transitive digraph with ω(D) ≥ 3. (i) The subdigraphs induced by superatoms are non-empty and arc-transitive;
(ii) the subdigraphs induced by positive (negative) superatoms are isomorphic. X has a non-trivial component the vertex set of which is clearly a strict positive fragment, contradicting the minimality of a superatom. Suppose X is not strongly connected. Then X has two strongly connected components X 1 and X 2 such that N
would be a strict positive fragment smaller than A, a contradiction. Thus
, and hence |V (X 2 )| ≥ 2. But then X cannot be arc-transitive, since any arc of X 2 cannot be mapped to the arc between V (X 2 ) and V (X 1 ), contradicting Proof. Let A be a superatom of D, say, a positive one. By Lemma 2.9, |A| = ω(D) = 2. Write A = {x, y}. Suppose x is adjacent to y. 
Main results
Now, we are ready to prove our main results. 
Discussion
For vertex-and edge-transitive undirected graphs, Meng obtained the following characterization. Since an arc-transitive digraph is either an oriented one or an undirected one, in view of Theorem 4.1, to give a complete characterization of super-connected arc-transitive digraphs, it remains to consider oriented graphs. Our original goal is to show that except for a few special cases, every strongly connected arc-transitive oriented graph is super-connected. Theorem 3.1 gives a partial solution to it, and Theorem 3.2 gives a confirmatory answer to a special case when the digraph is Abelian and Cayley. The difficulty for the general case lies in the following: for an undirected graph, reducible means that the graph has two vertices having the same in-and-out-neighborhood; while in a digraph, two vertices might have the same in-neighborhood but different out-neighborhood. We have tried to find out whether the latter case is possible for strongly connected arc-transitive oriented digraphs, but in vain. Hence, to completely characterize super-connected arc-transitive digraphs is still open.
